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I. ::l t ro~~’;St  ~or

t n i s  pacer a r.ew approash to the  fo r m d a t i o : .  aro i anali,’sis

of st~:~~~estic :no~ els of chemical reactiorl s is cresent~ ~~ . ~Jr~t~
mc e o ~~1~~r , h i m c 1~~o .la r , and enz yme r :~~ctior: ~r- oor s~~iered Ic.

Oot ~l the  ~rre ;~~r s i b~~ acd r e v er s ib l e  cas~~s. Th- reactior . tyc~ s

or.cser. :‘Lr arel’-isis are of a simple s or t : : l cwever , t o i s  f o r

p sr c se s  a: ’ excositior. orly, ant tne metoc dolc ~ ~an be easily

exter.:sd to very ocmpl icated re~ -’ticns . To s~ s~ 1ts i lcr ~~d

ir. tr~I: rarer ~~~~ be :onr ~~re~ for toe~~r nrlioit :; wito tncse

cctaine : sy ot h e r  m eth c :~s. Th e s~~r ;ey  of  ‘
~~~~~~ ;;. ‘ r i e~~~~ ’ 12]

crC ’J I J E S  a.o e x o e l l -~nt  scsim a~~ of soon r~ s ~l ~s.

Earl :, ~ ie locment  at ’ th - s~ ooh -a s t i  ~r c rca :h ~c

ki n et i c s  is ~ue to Sir~~~r 1
~~ a: ~~~~~~~~~~~~~~~~ ~~~. T h i s

to chem ica l  k i n et l  t y p i c a l l y  treats ~ne : cr .oe r . tr ~ t~~or. s of

v a r i s e s  m c l e o s i e  t y p e s  as a conti:.occs ti ~ a rkcv oha~ n w i t h

SPe c i f i e d  t r a ns it i on  r a t e s .  The t ca r.s it i or . s  rates are os- e~ to

c on s t r o o t  t oe  Ko lmo~ crov fo r w a r d  eq~ atIor ! : w h i  ~h t h a r a o t e r i : e

th~ probab ilistIc behavior of the reaoticn . The exa:t sol~ tior.

of tnese o’erti al ~i t’t’er e nt t a l  d i f f e r en c e  eT iat i c r~s is intractable

except in the simp lest case , so most authors are con t en t  to find

t: - e first two moments  ci’ the  process. Even this c ft e n  leads to

d i f fe r e nt i a l  oq ia ticos  whose solotion s entail special mathematical

t’sn c t icn . . . Ic. soch cases i t  is d i f t ’ic’slt to gain an in t uit i v~

un d er sta ndin g at ’ the p roces s .  Fu rthe rmore , such an analys is  is

ve ry li.sited Lit t h a t  i t  provides  information only about moments

and not the ex a c t  distribution . Moreove r, it provide s no in-

sigh t into tnt dynamic behavior or n-dimensional distributions

over f ime ~i ally, as the reaction become s more complicated



2

P t . a n a ly s i s  becom e s :oc r~ i n t r a c t a b le  and t h :  ins~~sh tV ;  l ess

The a rp r c a cn  u : ’ose n t - : d in t o i s  p a r er  is  a p p r o x i m at e  r a t her

t n e n  e :•:act , h o t  ov er  d ome s all of th-~ d f : ’io-s l t ics w h i c h  arise

w : t n  a ste dnC.:ti: an a ly s i s  m e nt i on e d  before. F :~ h e r mc- r t  i t

p r c ; i i e s  a c l e a r  sonr . eo t ion  b e t w ee n  tn e  ~s’:al de t a r : n i n i st i o

aoa .v s i s  an~ a s t o c h a s ti c  an a l y s i s .  The me tn od  is c a l l e d  a

~ i t ’ :’ ~s to n  ar t  r o x im a t i o n , an ~ e xamol es  of It :  ~:e are g iven  in

wo rk of 3a.’er an :  ~~~~~~~~~~~~~ 
[~~~‘ ‘

- 

~~~ : 1d5ti l a n d
r8 ) . . . . -apr rot  cc. :s asymctotic :r-. tnat ~ ass’smas toe

n och er  cf m clecsles i nv o lv e d  it. tne  r e a c t i o n  is large , al though

in t oe wo rk c:’ Gayer arid Lehcs:ky c r e v iou s l y  c i te d  no rn e r i ca l

~~~~~~ insisate excellent ass ~rasy in small s y s t e m s  as well .

The f~ n~~an d : : t a l  i s e a  is- based  or, the  r ar l a c em ent  of the t i s o r e t e

stat- s:ace 0:/ a :ori:.i n~~cos s t a t e  s oa c e  and t oo Na’ rk cv  sha m by

a Mark o ’;  cr c -n e s s  ( i n  tr i e se  oases  a s~it’ f- s sL on  p r o c e s s) .  The fo r-

w a r d  a a~~at t c o s  ( i n  the M ark ov p rocess  case kn own as the  Fokker-

F l an o k  ea~~atiorns ) a re  tnen form late~ as to  type stochastic

~iff~ rer.t lal oqo-ations rather tnan tocir ec ivaler it  ve r s ion  as

p i t c t i a l  ~i f f e t ’~ n tial  eq ’satlcn:.  This  fc rms ia t ion  p e r m i t s  toe

ose ot’ toe Ito calnulos for the manipulation of stochastic

~~f f e ’~er :t ia l  e qu t i o n s .  The r eade r  may consul t  Arnold~~~
1 or

Sik~ocan an~ Skorokhod~~
0I for a treatment of tn: theory . The

stochastic process Is , in the asymptotic case , t ransfo rm ed into

t h e  sum of a daterminlstie p r o c e s s  ( i n v a r i a b l y  the s ame as the

t r o c a s s  ar ’i :Lr o  f rom a ~ : t er ~n i n i s t 1 c  ana lysi s  of t h e  system)

and a s t o o har t i c  process  ( i nva r i ab ly  an Orn :t e in -~Jhlenbeck p r o c e s s ) .

_ _ _ _ _ _ _  
_ _  _ _ _ _ _ _  
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This  -soara ~t er ’ i z a t io n  of th~ sy s t ; : n  c r o i l  5:5 a ~‘~~~l d s sr i r t ic n

a 1 S t f L 5~~t or ~~ ~~~~ r ~~

v a r i an c e  :‘ n : ti or i s )  ov e r  t i me  and , m o r e  im~ o r t c r . t i y ,  of  t n :

t i : nen s icna i  f l st r i b st i o n :  over  t i m e  ( G a u s s i a n  w i t : .  s~~e c i f l e o

m o an  vector and c cv a r i ar d c a  s t r u c t u r e ) .  Th e

cf the n—d imensional distribution I’ n i t l o r .s is im r c r t ’i r t  :‘c r

toe novelcoment of a crorser stctistical analysis of ~ata

oatn. red from s- sch a prone:: say to est~ mat~ the  ra te  c o nst a n t s

cf  t n t  r e a c tI o n .  S i n c e  the s to c h a st i c  orcce : s  is it d i.e d to t o o

d a t s r m : o : s t~~c r r c ce s s , the  d e t e rm i n i s t i c  p r o c e s s  may be t :ncu~~-.t

of a: a first order apcrcximation.

:t is imp o r t a n t  to n o te  tha t  the m e t h c d c l o~ y ~iver ~ in

t o i s  r ar e r ’  can eas i l y b e accl ia  d to ve ry : cmc l ioat e  i. r eac t ion s

i n s l o  ~ir.e chose  w i th. man:! :csrnc  ~n d .  and s t o p s .  The r e su l t s  a r e

r e l a t iv e ly  s i m o l e  an t  aas i i’ /  ~n d er :t c c  t Once the n a t u r e  of t n t

I r n c t e l n — ’]hlec.ba ok o r c oe s s  is  s r t - i e rV: t co d , i t s  acceara r.ce in

toe description of many difference reactions allows for  greater

ir~si~ nt into chemical processes .

11

_ _ _  V 
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2. loim c ieduiar Foa~ tiorn :

Tn tut~ :eo~ ion . ~w c s m o le snl:no l~ c~ iar reactions are

: c n : t d es ~~i. The tw o se lec t~~ ar e t a k : r ~ :‘rcm toe r e v i e w  by
I I ’.~~; Q. ~arr co - ‘~~~n orde r p r cv : i e  a h:s:s ot somrar :cre f r

the  d i f : s s i c n  app r o x i m a t i o n  r e s ult s  w i t o  the  exact result:,

A.  
_ _ _ _ _ _ _ _ _ _ _ _ _

f A ( t )  r e pr e s e n t:  th  n m b e r  of A molecules present

cc tire t, then fA(t ), t o C ~ is typically treated a: a

ocr.tin -os: time :1arkc ; chain with transition : ~i ’ien by

Tran s ition Rat e

a a - I  kadt ± o ( d t )

a a 1 - kadt ~
- c ( d t )  2 . A . 1

all c~ ner: o(dt)

w n ce 0(h)/h o a: h a.

F ’c r  i ar ~ e val .es of A ( c ) ,  the  t ime  between transitions

is ve ry  smal l  (having a me an va lu e  of k/A(t)). Consequently,

ov er  a short  p e r i o d  of t i m e  many transition : will occur. It

is toc refora r’:asonable to a ssu m e A~’ t +  d t )  — A (t) = dA (t) has

ap~~rcxImately a Gaussian iistributiort wi Uc mean E(dA(t)) =

-ka-d t + o(dt) ar~-J variance Var(dA(t)) = kadt + o(dt). One

may toarefore represent A(t) as the soi st ion of the Ito sto-

ona .st !c  d I f f e re n t i a l  equa t ion  ( s . d . e .  in the sequel)

d A ( t )  = - k A( t ) d t  + ( k A ( t ) ) ~~
’2 

dW (t) 2 . A . 2

wri ere c W ( t ) ,  t > O 1 is a s t anda rd  W i e n e r p rocess  and d W ( t )  =

‘.~t t ~~ ~t) — 

— —  ~~~~~~~~~~~~~~~~~~~~~~~ ._~‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ 
-

- nn~~
- ~



a

The t a t e  er ace f o r  the Mark o ’z ona in  wa f O ,1 , . . ., A ( o ) )

crielnaily ar~i I: t O W [O ,A (o)]. The int ’ in lt e . : ima l  mean a n n

r e n am e- in (2.A.2), -kA(t)dt and kA~( t ) d t , were  chosen  to

ma t :n toat a:’ the original Markov chain keepino term s 01’ cr’ner

only . The aoDroximation of the discret~ cccce:s cy a ocr.-

t o n c :  p rocess  is male ri~ cro’s : in the  work c:’ K : rt z ~~~~’ and

E a ru c  ~~~~~ The increment : are modelled as having a Gaussian

i .~~~~i ot t~ -~ c - tral 1 m. t t~~ec m 1r ~~~~~ ~r s_~~.t

0:’ the central limit theorem , it is n at :r a l  to- i n t r o n d e e  ano the r

st o c o a s t ic  r r  [X:; ( t ) ,  t~~~O~ whe re x . ( t)  = ‘ A ( t )  - : : a ( t) / : : ’~
2

wit n N = .- i a ( t )  is an arbitrary net~ rmini:tio :huictic-n .

The 5:: 0 will also be a di ft’s.ci:n en d w i l l  ;a t i s f v  a
~~

e wh.o~’ ca’~ be d~ te~”nined s~~’~ ~~c L

{lC ,r . -  ] , Specifically,

dXN(t) = -N
1
~

2 (~~It ) ka(t))~~t -

~~~ 
1, 2

- 

+ (ka(t) -
~ O (s~~ ’ ) )  ~W

As A(o) = N ~ , the  N~~ 2 t e r r ie. (2.A.~.) will explode

unless its coer’t’icient is exactly 0. The function a (c) must ,

therefo re, be chosen to satisfy the ta satico

a’(t) -ka(t), a(o) = 1. 2.A.i
~

Given that a(t) satisfies (2.A. 1) and there fore equals

a(t) = exp(kt), one may let N -
~~ ~ in (2.A.3) and conclude from

Barbo ;r [1~~ Theorem K tnat (XN(t), t > o }  converges weakly to

[X(t), t > O )  where X satisfies the s.d .e

H
p

________________________________________________________________________ _____________ 
.4 V ~~~~~~~~~~~~~ -~ .~_V V 
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= - k X ( t )  ~t + (k  t::p (_kt))
2

d~J~ t), 
(2.A.5)

x (o )  = c .

The :it’:’usicn approximation ccr-.:t:ts o:’ wnitir.o

A(t ) ~ Na(t ) + :i
i/2:c;(t) :~a (t) + :~

1
~~x (t) . ( 2 . A .4 )

The :tocna:tio process X is a nonstationary Orrstein-

j h l e n c eok  process with mean 0. Many fasts about X oar. be

•dedu:-- ~i fro m this characterization m c i  h o g  the joint distri—

[ 5  0~art~ ”~ ~h~ ticn :‘ octiore s, the  men- tn t : , and the  sp e c t r im  ~~~
‘ 

-

The X process will hav e mean 0 arid variance 
~~ ~~~~~ to

be tne solution 01’

= _ 2k~~ + kexp (_kt), :~ = 0. (2.A.7’)

Equation (2.A.7) is readily solved to ~ive

exp (— kt)(l - exp (—kt)). (2.A.~~)

The X process is Gaussian and X (t) has a Gaussian histri-

butior~ with mean exp (—kt ) and variance exp(—kt)(1 — exp (-kt)),

thus A(t) will nave approximately a Gaussian distribution with

me an A (o)exp(-kt) and variance A(o)ecp(—kt)(1 - exp(—kt)).

This  approxima t ion is clearly an accordance with the exact result:

for this process , namely a Binomial (A(o),exp(-kt)) distrIbution ,

V a: the  central limit theorem guarantees the goodness of our

app roxIma tion eve n for small values of A(o). The diffusion

app roxima ti on (2.A.~~) provi des a complete description of the

dynamic b e n a vt o r  at’ the react ion rather than merely descri bing

the static or marginal behav ior. The approximation is mot ivated

p

_______________________ 
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hi’ t O  The - c A (o) case , r~~ the r~ aher is r’ ferred to t e e  w o rk

of Ga-: r ans L. O Cp k ~ 51~ H]~ ~~~ f o r  nc-re i n f o rmat ion  co r . : er n in c

t h e  a n c - u r a  of toe method. Excellent accuracy ha: bee-n r e p o r t e d

f n  va The :  of . A ( o )  as sma l l  a: 20.
k

F. ~e’;e ’ : i ~ Ic ‘Jn~ m c l e o s la r  F e a ct i c o  A _ _ _ _ _  

[~ ] [~~
] [j ~~ ]

, [ I E ’ . [ i s]  
_ _ _ _ _ _ _

The i n r e r o r : i t l e  r e a c t i o n  c-f s e c t i o n  2A is now ~:ene r a l i red

Sc the re-re r:ible case. The forward and backward rate constants

ar- c • cod k-. re:rootirely. The transit lot.: an: tran sition

r a t e :  errs  ro t- e l a t e  :cr  s~~ch r - 2 a c t i cn s  a re  g i v en  hr

r a n s i t  c~t. Fate

a • a k2 (3 (o) + A ( o)  - a~:t~~- o(~~t)

a - a- k1 alt + o(dt)

a a 1 - ( :e1 a + k 2 ( 3 ( o )  + A ( o )  _a)):t — o~ c~~

all  oThe r : o ( d t )
2 .

Toe A process can cot in be arorcaimated hr  tn - c s.d.

oA(t) = k2(~~( o )  A ( o )  - A t ) ) c t  - k1A ( t ) d c  2 . 3 . 2

(k2(E(o) + A(o) - A(tfl
h/21W1(t) - (k 1A ( t f l~~~ dW 5 ( t )

w~~’: r-: W1(t) an -h W2(t) are independent :tcocar’l wiener V

proces ses.  An X N p roces s  is  aga in  ~n t r o d u c c d  wh ere xN ( t )  =

( A ( t )  - N a ( t ) ) / N 1/’2 and N = A ( o )  + 8 ( o) .  Let a0 =

an d b0 = E ( o ) / ~~. U s r ~ I to ’ s Lemm a coo ray k r iv e  the s . d . e .

V fo r  the X,~ proce s s to be

-
~~ 

-
‘~ 

V . -  V 
—~~~~~~



2

3 5 . . ( t )  = -: ~ ( a ’ (t) - k(1 - s (t)) k, c(t)) 
2.3.~

1/ 2

— .. .-k 8)K: (t )dt+(~- n ( i — a (:))-~-k m a(t) 4-0 (~~~~~~) )  ~ J ’ t )

I/ O

z - c i n g  ~~~~~~~~~~~~ te - :cet ’~’ i : l e e ~t~~~f tn e  ~~~~~
‘ t e r n r - 3t

cc ~~~, so a ( )  must :at1sf:.

or 

a ’ (t) = _k
1a~ t ) ’ - k ( l  - a (t)). a(o) = a0

V 
a (S )  = ( a  - 

.. , .~ .: ) - .:: Y _ ( k 1 k j t )  k . k 2

IS a (t) I: given a: cbore , 5 0 :5 .  1X 7~( t ) ,  t > c )  o on v er c - : s

w e a k ly  to  { X ( ~~) ,  t / O } ,  a h I f f u ~- ic- n c roces :  wo~~co :at .sfies

dX t )  = _ ~ k 1~~~k c ) X ( t ) b t + (k ~~( i _ a ( t ) ) ~~ k 1a ( c ) ) ~~~
? dW ( t )

X c )  = 0.

The X ri rcoc:: Is a r .on St a t .~~ona r : j  Orn :t0in-Uhleobesk

process , -and  the h i f f u s l o r .  c . rprox l : : :e t ion m- -:tho io looy  t r e a t s  A ( t )

as b e in g  ~ci’;o n o’: ( A ( o )  + E(o))a~ t) -r ( A ( o )  E o f l X ( t ) .  Inc

may easily :com ’st tn-c var :enc-t of too a~ r !cx::c et~ cn crcne :s ,

to be the solut ion  of

= _ 2 ( k 1~~~ k2 )Z~ + k2 ( 1 - a ( t ) )  ± k 1 a~ t ) ,  
~~ 

= 1. 2 . 8 . 6  
V

The solution 1: given by

1kk ,~= exp(-Kt)(1 - e x p ( - K t ) )  ~~~~~~ ( e x r s ( K t )  + 1)
L K1 2.8.7

-* (k 1 - k 2 ) ( a 0 -

w h or e  K = k1 + k2.

I-

-

~

-

~
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P Or. e may le t t -
~~ ~ to dT 150 the  equilibrium dIstribution

of A ( t ) .  :r-. t o i s  case A ( t )  w i l l  h-ave a steady state Gaussian

~i : S r i b ot i on  w i t h  mean k2(A (o) ÷ E(o))/K and variance

k. :~~ ( A ( o ~ + E(o) ) k~ . These  result: -ex t e nd  those croviou:ly

cctaino-l for th i :  revc r ’:ible reaction . Of particular imccrtanoe

I: toe coaracterizaticri of’ the dynamic behavior In terms at’ an

Ornstein-Ublenbeck process. The n-dimensional distribution

t’.ssction: over time are thus given by an n-dimensional Gaussian

distribution .

Many othe r :nI T~c
1 eou i a r  reactions can be treated in this

manner inc l :din ~ the  p a r a l l e l  f ir s t  order and trian~ru lar reac-

tion: described cv :4c~ uarrie E1] , Instead we next treat the more

como l i ca ted  n on l in ~ ar  s i t u a t i o n s .

—
-—‘- V.—,— .‘~~~~~~~~ —— ~~~ -;~~~ 

-, — — —V----— 
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Eimolec’:lar Reaction:

The bimolec ular rca -tiori s to cc consid ered are again summ arize d

[1] So n toe : :r”ey ot  •1c~~sar r :e  . T he  m e t h c d o~.ogy et  n o : t~~::on ant  no :.::—

n a ti on :  is especially ~se:’-:i , because i t  pro v i d es s imnIe cha r a s t e r i —

:aticns of t Ot  e vo lu t i o n  of th o s e p r o c e s s es  in t e rn :  of the sum cf

a d c t e x ~~in i :t t s  :‘ .~n u t  ton an d  u r r . :t e L n — ~Jhle r~b eck p r o c e s s .  This

is In sham contrast Sc the  results obtained from an exact analysis.

S0ch res  ;lt s , when t hey  oar : he o b t a i n e d  at all , i n va r i a b l y  involve

: c m c li c a te d  c c mb ln a t i c -n s  on ’ :rsecial s ia toemat ioa l  f un c t i o n s .  Coo: —

:-n~ c~en5I ’i , i t  ma : been  i .np o:sihle  to ob t a in  any intuitive under-

standing of t he  :t o ch ast t c  n a t u r e  ct’ the cnemioal reaction.

k
A. The rre ’.Tersible React ion 2A ~ 3

A number on’ asymrtoti:ally equivalent stccha:t:o model:

a re p o s s i b l e .  :
‘ A(t) represent : t h e  c o n c en t r a t i or .  of A

m c l e o u l e s  at  t im-c  t , then ~A , t), t ;.- - 0) is t aken  to be a

M-a rkov onain witn transition: and transitIon rates giv e r ,  by

Tran s~~t i c n  Rate
2

-a -• a - 2  — 
ka dt + o( h t )

2(Aco) + 3 ( o ) )

$ a- ’ a 1 -  ica dt ÷ o (dt)
2 ( A ( o )  + B ( o ) )

3.A. 1

all others o(dt)

‘~~in g !.j.A .1) and d e f i n i ng  h A l t )  = A(t—dt ) — A(t), it is

ta . : ~ ’ tc • ; no w E(IA(t)) = -kA2(t)dt/ (A(o) + 8 (o)) + o (dt) and

‘J ar ’ ~A t) = 
2kA 4 t~ It + o(dt).

A ( o )  + 3 (o )

0’
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4 O n e  mat ’  to-: n- -fo r-: arr: ’c x~~:’. t  S - . :‘ - o s a v i c - r c t ’ tr.e A no-ce:: usir .z

t h -  s. ~~. e.

- 1/2

IA ’ S) = - 
~~~~~ :it - f~•;(t)

A(c - ) -.- ~.(o) =

Followinc the  ::V t o c d .  or’ sect :cr. 2 , the pro se:: 
~p~~ ) 

=

- Pa (t)) :;
_ 2  I: intro duced , Van :d u sin g Ito ’ s L- - mma the

d.c . gc’.-err ThO {X:.(t), t~~ O) IS t’o s n d  to be

~~~~ 2 ( #  
~:) kc2(t))dt - 2 k a ( t ) X ~~( t ) u t

~ (2 k a ~~( t )  o(~~ ~~ ) )  d~~( t ) .

coet ’ t’i :ient  on ’ m o s t  he Identically 0 , to:: a(t)

a’ ( t )  = -ka2(t), a(c) = A (o)/ (A (o) ÷3(o)) or

As suming a’t) satisfIes (3.A. -r) and N -
~~ ~~, {x ~, ( t ) , t~~o)

concie rge :  w- akly tc f, X ( t )  ,t 0) which satisfies

dX~ t) = -2ka(t)X(t) + (2ka2(t))~~
2lW(t)

X (o) = O.

Tn-se again the diffusion approximation ~ives a representation

for A(t) as (A(o) + B(o))(a(t) + X ~~t ) )  where alt ) is given

by (~~.A. d). The X process is a nonstattonar~iOmn:tein-Uhlenbeck

process with variance 
~~ 

satisfying

= _ L
~ka(t)Zt 

+ 2ka 2 ( t ) ,  Z 0 = 0.
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F e u ct  i on  (~~. A. 6) 1: eas Ii :- solve d to .
- vu

~ a(o)(-(I+a (o)kc)~~ - )/(1 a kt~~~.

follows t h at  ma ’ - :inal l r  A(t ) will h c ’~’e c o n  ~
-‘  :‘ ‘.o- -tell a

no rmal :i :trSb-~tton WiTh mean (A (o) ~ 5(o))a(t) and V ’c n i an -: e

(A c )  — 3(c-~~:~ w u e r o  a ( t )  a n d  ::~~ ar -c oi~z-~~ h.  
~~~~~~~~~~~~~~~~~~ 

c o d

dynam ic oehavicr of 5n A nro:oss can :.e cc.: Ily de do -c-os

:‘ rc.m ~t: o n a r a - s t e n i s a t  ion  t o  an rnstei n—ihlenbe’c k n:c:es:. The

c: this chcca:t- ni :acion should c-c contrast-c d w i t o  tn- c

a n a i y : i s  p r e s en t e d  by ~4 c ~~:- amnie ~~ . Cr.lv the m cm - cn t :  are p r e s e n t e d ,

and toe:i act an as sonclic ated scmc ination : c r ’ c amma fu n  :t i co : .

t shc ~iJ h-c noted . that ‘:n~ stochastic t’c rm o lat i c n oTh- : n I:.

(
~ I) d £ t~’c ~ ‘os t e’~ c ’ all at — r - S ~i _ ’- ”

n re-sence o:’ to-:- A ( o )  2 ( o )  f a c t o r  in  tn-c - d--ro r-Thctcr C:’

t rans Itior. ratev . This factor I.; inrortant un-os deal i.-:o wit . VC O~~

l i n- : ar r e a c t t cn s .  F i r s t , th i . :  don cm ioator n-c:-:--: the •nits of

rate r-eacticr . co nst an t :  tn~ sane - in t V C C .rV i mc d e c  l ar  an d ~ im cle - c 1cr

case:, woo recs t h e y  would cc d I f f e r e n t  II’ too tran sit ion notes

we re taken to be kA2 ( t ) d t .  Secun d , i t m u s t  be the  case t .u t  as

toe reaction proceeds , 2 molecules are produced and tois maX-os it

difficult for the A molecules to be paire d up . U:ir .~ t h e  m od-e l

without the A (c) + 3 (o )  f a c t o r, t he  time for tn i :  r ea ct i o n  to be

~~~ compl ete, T1, is 1/2A(o). If the initial number or’ A

molecule: I: doubled , the time t’or this reaction to be 7I-~ -sc m-

Plete , T2, is 3/8A(o). In t’act t he  l a t t e r  t I m e  should be lai’~e:’

than the fo rme r, since for the latter to be 7l~ complete , it must

A ’ ~~~ 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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n t  Sc :cmdll- - - (ot u n i  :h t~~m - - t h e m e  ar e  A( a )  A md cc

I e f ~~). Ih is tak~: tim : I .  = l .~~-A (o ) . At ’t~;r  reaching 5 ~ oem—

ci ‘osi .n ~~~ e -u o~ -d~~osc ~i ‘os’~~ ‘-s ~~s Th “ —

~cmn -ti c:.. ~nfcrThnat-:1y T - =T 1 so T2 :hc-:ll -osceed T.

w - : . c n  l e a d . so a c lea r  c o n t r a d i c t  ion. Th r c u gh c ut  This  oac-:n , w--

no :-mci I :e  all n o n l i ne ar  t r a n s i t i o n  r a t e s  by t :. - - n occ~~c of mole-c ~le:

~ ~~~~ ~~ fl s~~ Los-~ t i-~ t r a - sit :n rat .o~~ 1-~ c~~ la’ — an

and :-. cn l i o e a r  t e c m~: are m d  c-h-sd (s-c e section .dO).

:~ -c :r~’e - ;e r : ib i e R e a c t i o n  A~ ~

Tb.e q :an t t t y  A ( t )  aga~ n nepreo.  ut - s to-s n -umber of A

mo b - d es at t im e  t .  We let  A ( c )  E ( c )  = N and oct That

2 ( t )  = 2(o) — A (o) A ( t )  r op r o s -~n t s  tc.c n u m b e r  of 3 m ole cu b :

n r e :e nt  at t im’s t. The t r a r .:i tic n:  for  t:e-c damkov chain ~A(t),

t O ~ are given cy

Transition : Rate

a -. a - I ka(3(o) — A(o) a)dt. :: ± c (dt)

a a l-ka (3 (o) - A (o) ± a ) d t / N  o ( d t )

all  others o(dt).
3. 3 . 1

The ap p rox ima te  s . d .  e. fo r  the A p roces s  is g iven  by

____  
A t t 1/2

dA (t) = -k .. (3(o) -A (o) +A (t))dt + (k ~ (~.(o) -A(o ) ~~A( t))) dW(t).

The process XN(t) = (A(t) _ Na(t))/N~~
2 will also be a

dtt’t’u:ion nrcce::, an d u s in g Ito ’ s Lemma the s. d.e. t’or the

t > C ~ process is found to be

I- 
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- )  = ~~L/ 2  a ’ 
( )  Xa( t) L b  - I -

~~ It))) It

— k ( O c  — I 4- b( ) )X:;( ) ~~~ ~~~~

- - / 5( ka ) ( L~ — I — a(S)) -
~
- c(  :; — - ) I ~~~~ 

-
-

w o e n :  : = 5(o~ ,’ ( A ( c )  + 2(o)).

-~~ ~ and  a.-os :ni:.o a ( t )  :atis:’ie:

a’ ( c )  =- —ko (t)(2c — 1 -1- a(t)), a(o) = 1 - b  .1.3.—

‘ :~: . ( ~ , t - -:- } :cn’~’~ roc~s w- - :a-: l u’ to ~x ( t ~ . t - O }  woith

= -k(2h - 1 ~
- 2c (t))X (t) It ÷ (:oa(t)(lh - I -~ a(t)fl~~

’2
iw(tj

—
— ‘ - ‘ V.-

Toe det-c r:cini :ti-c for.csior. a(t) is .ca.:iiy :‘c nd to cc

— 1) (1 — b-~ - - - - .,
, C < o - c~ ., b

a( t) = 
b exp ( ( 2 b  — l)kt) — (I. — a)

- - 
l/ (2+kt) , h- = /2 ~~~~

‘ ‘

~~~

‘ -

Toe X nroces : is nonstaticoary Crnst eir .- tj o l enb e  :k. :1-doce

t:.e d y n a m i c  b e o a v i o r  can he easily ded-so-os . The n:-san .‘iiIl be

C t’or all t, and toe ,-‘ariansc , b, wi l l s at i : n ’ ;

- 2 k ( 2 b - l  + 2 a ( t ) ) T h~ + ka(t) (2b-l + a ( t ) )  3 .3.7

— 
(V
-~

This  e-loat ior  ca:~ t e  ~as~ ly sole d . . : ir c g ( . 1 . 3 . 6 )  to give

- --  V - -~~~~~~~~~~~~~~ - - - — -
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p -~-- a~~ - )  =

- - - - ~21 ~ -- ~-~(t~ ~ I
~~~~ 

( e — a - . )  - - 
- _________________

= L c ( t ( a~~t - ( t ) )
- ~~ Loo ~~~a t ~ a o~ 1 

O < c < I
- 

a (t) ~ 
— a(o) J ~ 1/2

= Ic -

The :~co:.-oe t ec-ol tior of A is tb.- : given in terms on ’

an -O-rn:t- :.— ‘ n l--n b -c :k c rc-ce::. For Iar~e val-ces or’ A- ’ o) and

3(c), A (s) will ce a r r r c c :imat -c ly ocm o a l ly  cl: tn ibut-~- d  w i t : .

~A o) — 3(o))a (t) and v a x ’~ an :~ (A(o) (o))Th woere

a (s) -- :n: : .  are  o lv e n  above. The sintlicit’: of these results

:00:1 cc contra :te-d wit:: the :crnrlexity of toe exact analysis.

3- -:‘~rs1ble bi om obcuia r React ~on:~~~ 
, [13], [la] , [ 2 1 ] ,  [22], [23], [2-~]

The results o iv -~n in . : ect icn . 3A an -h 3 s-an b-s easily

e xt  ~nd-: : to toe case wh-c c’e too reaction . is reversible. In the

case c.: a !‘-:v- :-r :~~b :e r e a c t i o n  one may also calculate an e q - s i l t —

cr1 or st d y  s~ at - list rib :tion. As usual A~ t) ren-re : r.ts

tot concentrat ion of A nolecsleo p r e s en t  at t ine  t , an- -I

toe concentrati on of all o t h e r  type. : of mc-leoul-2 s can he deter-

m i n e d  fr o m A t )  and t h e  i n i t i a l  cond i t ions .  W-: c o n s i d e r  f o u r

ty P e s  of re- -: rb t i :  r ea ct io n :

Ic1 k1
A + 3 , ‘0 -

~ 2 III. 2A (
K,..

S

k ic,
I i .  ~ _____  :7 sA

~
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I::- :: :- ‘hc - d of d i t ’f 0:10:: a~ r- ro :-:i:caticn .: c~.tl~~~-:- d in to-:

r ev~ cu s  c c ~ c:: - c a n  c- -u rou tin- :-i:/ apr - l ied to -ia-: ’: of th e f o u r

n-s c : icr. t’:r- s ot’:c:: a ccv - c . The b u t - ~il.: of to~ :e r i v a t i cn  a r e

crr. ist-~ as to-c :’ ar~- I d- :o t I~~-si to too -s e g iv e n  in :-e -:tion ;A a~ d

32. :t ~s , hcw .:’ ,’er , inr or t a n t  to n ote  t h a t  all n c o l i n e a m  tran-

s i t i o n  r a c e s  w i l l  b-c nc- n a s a l i z e d  he’ N , tn-: tots I n -ma-e r cf

m o l e cu l e :  ~ r e ce nt  at ti:c- 0. This i-S e sp e c i a l ly  in c c rt a n t  in

cases :: and I’!. 15’, in II , Wt a::om- A ( o )  —an d 2 ( o )

are  of a :cmcac-’-ihie o r~~-sr of ma.sn i t ~~de , Then sh e  :nno : -c- .ad is -cd

:‘orwar :  t r a n si t i o n  c-ate  w i l l  be an a n d  - :‘ of  m a g o i t  Ic a r g —s r

tha n t he  b a c k w a r d  ra t - s . To: ~e n t - ’ , the  r :  -ac t ion w il l , :0 ’

la rge  vc . sos C: A~ c - ) ,  cc e.;:-cnt:al~.y e2 -c : -;a~ - - n t  s-c toe : r r e —

‘;- er : i b l e  o sa c t i o n .  The -cquili:.at ion of t r a n s i t i o n  r at e s  is

acc o mp l i s h e d  ~:; n o r m a l i z a t i o n .

~he c- rc - se ss  ( A ( s ) ,  t > - O ) is  t ake n to b-c a 1a:’kov ~~r ccess

- 

- w it n  a~ p r c c r i a t - c  t r a n s i t i o n  ra tes - . The d i f f u s i o n  a p n n c :’:imation

metnc -dclog :1’ t r e a t s  A ( t )  = : ; a(t)  + ~~/6 X ( t ) whe re N is t h e

o ocher on’ .noiecc1 es of all tyros at time 0, a (t) is a deter-

nir,i:tto function , cod X ’ t) I: a diffusion process satisfying

a s. d .e . W- - w r i t e

a’(t) f1 a
2(t) - f2a(t) + f

3
, a(c) = a

0 
3.C.1

IX(t) = 
_
~~( t ) X ( t ) d t  + ( : : ( t ) ) 1’

~~iW ( t )
x(o) 0

and let a = A(o)/N, b0 = B ( o ) / N , -d o = 0(o)/N, and = D ( o ) / N .

We summa rize below the det’L r-i:ions of I’1, I2•~ 
t
y 

g, and h

for each of the fo-~r types or’ r eac tions .

f
-— —~~~~~~= ~~~~~~~~~~~~~ — ——--~~~~~~‘~~~~~ - : _ _  

~~ i—



- ------

-‘ --7

-I

— a )  — :‘b’
~ - 2a

~~) k2 ( o 0 ~
- a0)( -‘- a )

—k . b . — - -- ) - :‘. k (
~ — a

- c - :  
- c- o

-
~~~~ ) ~~a )(2a — a

— V .  — C - - (— ~~~~~ -: c a

--a )- 5 0 0

h (t)

- k ( o 0 — :— Ia0 -2a (s~~) +

- a0 
- I(s)) — k2 k1 a(t)(c-0 - a — c c ) )  k2( 

~ 
a

- :c ( c ~ — - a — a (t)) — k2(2c0
. a
~ 

- a ( t ) ) ( 2 : 0 -
~~ a0 

— a(s))

- 

- 

l~-:~ a1(t) ~ 2kj2c~ a - a (t))

Tn-s m- :ar. of A(t) is ob-tainacie as ::t (t) w :e-~r-c a (s)

i s  t o e  soloscion of ( 3 .0 . 1) .  The s t eady  :t -at -c i-s ob t a ine d by

s o l v i ng  (3 .  0. 1) wi th  a’ ( t )  = 0 cod a(t) = a. Tn - v a r i an c e

o:’ A( s ) ,  
~~~ ~— - s  c-h t -a in-e d by so lv ing

= - 2 g ( t ) ~~ + h ( t ) ,  ii~ = 0. 3.0.3

In all cas es  A ( t )  wil l  be a Gaussian r- rc c -css .  T - : t s

— -—— --- ——- --- -  - - -~~~~ ---~~~~~~ -~~~~~~ —- 
- —

- - - V . - -  - -
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cnarcc ’ - -  n :a icr:  i -s es u c d f a l l ’ ;  a n n e a l i n g  wh -~n corco c r— -d w i t h  t b

exact coca- -. cs wo-~re the m om e n t :  alone r~au ime -ccmr- l lcat- I coma I—

n a t i o n :  on ’ n yp e r o e cr i e t r i  c n’ ~n st i orn - .

Fo z ym -  Ki : :et ic  Mo del:

Th~ la s t sl - -~c: or’ k in - c - t i c  models to b-c a d d r e s s ed  are  too - so

md cc ing to en:ym-e k i oct i  es. Two simcl-c enzyme r e a c tio n :  ar e

s t u d i e , ot -~ wo1 -~ ri l- ad: to the c l a s s i ca l  M i c r i a e i i s - M - e n t e n  or

2rlcs:-HalIac.-~ Theory cod a seoc-ol w h i c h  i n c l ude s  enzyme inh i-

bito rs. :t i-s the ~ u rc-ose of t h i s  se-c t ion to provi I-s e n-sw

s to d n a s t ic  anal ’.’si: o:’ toe cc r e a c t i o n s  one which may he oomtare

t o that giv er .  h’i 5arthc lomay ~~~~ and Jacoi:r.owski et ~~~~~~

The .:tocha:tio p r o ce s s  ( now r r . u l t t v a r i a t e )  w Ill a~ ain b-s an

C m n : t e i n - N h l e n b e : k  ~ rocess.  Th-: mom —sot: on’ t n -c  .r a-c:icn ans toe

n — d i me n st on s l d i s t r i hu t i o r . s  wil l  cc  en - er a - c t - ’ r i c e  I - : x a - c t i v .

Ic3
5 . 3 + ~~ k~ 

‘[SE] — 2:

The s imple  -sn zyrn -e r-s a -c t ior , g iv en  -a: e / c  d ye:  r i c e  to tre e

M i c n - a e l i s —~.-Io nt en  or 3:’igc~:—HaiIar.e t ocory  :-ihicr: p c c t u l c t e  or:

t n t e~~ied ia te  [SE] complex.  Let S-(t) rnrre :ent tb.-e suc:trate

- c o n c e n t r a t i o n  at t ime t, E ( t )  r e pr e s e n t  toe en zy me  - concen t r a -

t ion at t ime t , and C ( t )  and F ( t )  r ep r e sen t  the  concen t r a -

t l o n :  of e n z y m e - sub s t r a t e  complex arid products at time t.

j(3~ t), E r ’ t)), t~~0~ is taken to fo rm a Markov chain sInc e

0(t) = E(o) - 2(t) and P(t) = S( o )  - 3 ( t )  - 0 ( t ) .

Trans ition Rate

(s ,E) (s-1,E-1) 
k1SE 

dt + c(dt)
E( o)

_________________________ 
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- - . —



19

r a o s i ’  ion 3-ate

( -co nti nued ) 1.A. I

(.1+1,2—1) k2(2:(o) — 2: ) 
: t+  o ( i t )

k
3
(E(c) - 3)-1 t~- o (sit)

- :2 ,:) 1 ± (k2 +k 3)(:(o) ~ 2:))ht - c (at)
a~c)

all o t h e r :  o ( d t ) .

The t r a n s i t i on :  an d r a t -c s  gt v n in (I. A. 1) c-- n be -used

to g ive  the s . d . e .  rep resentat io n CI ’ the  m e a : t :o n .  -3~ e c t t ’ ical ly

d s(t ) _ k
1
3~~~)~~~t )  It + k 2 ( E ( o )  - E ( t ) ) I t

k1s ( t ) E ( t )  1/2 1/2
- — 

2 (o) 
dW 1 ( t )  + (k 2(E(a) -E (t))) ~~2

(t)

k 3 (t)E(t)
= 

1 dt + k2 ( E ( o )  -E(t))dt÷k3(E(o) -::t))dt

k1 S(t)E(t) 
1/2

- 
- 

2(o) 
dW1(t) ± (k2(2:o) _E(t))) 

‘~~~~d ’ i2 (t )

~ (~~~
(~~(o~ - ( t ) ) ) 1/ 2 dW ( t ) .

We n e x t  introd u ce X :/ t )  = ( s ( t )  - N s ( t ) ) / : 112 and =

(E(t) - Ne (t))/N~~
2 wher e N = 2(o). The s. -d.e. ‘ s govern ing ,

( ( X ~.( t ) ,  ‘
:
‘
:,~~ t)), t ~ 0~ can be easily de-dc. ced using the Lemm a tc. bt

dX :1 (t) = _ /2( 1 
(t) k1 s(t)e(t) - k2 (i  - e ( t ) ) ) d t

— kl(s( t )YI (t)+e (t)X N (t ))—d t - k2Y~~( t) d t

~~~~~~~~ 

1/2
- ( k 1s ( t ) e ( t )  + Q ( N  

~~~~~~
) )  dW 1(t)

1/2
+ (k 2 (1 -e(t )) +o (N~~ 

2
)) dW 2(t)

______________________ - _~~~~_ _ — - - --_~_;, _ - _
_ _- --_ - - -V—.---—- -

-
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= -N1 2 (e~ (t) +k 1 s(~~)e (t) - (k ~~k~ )( - -s(~~ ) ) ) i t

— k i ( s ( t ) Y : : ( t )  -.- e (’)k ,(t)) It — ( k  _ k t ) i ’ .
- - 1/2

— ( k 1 a ( t ) e ( t )  -~- - c ( : ) )
- 1/2

— e ( t ) ~ -
~

- o( : i ’
~~- 

~~~~
) )  1W1 (t)

- 1/2
— (k~~(1 — e ( t ) )  — o(: :  ) )  1 w 3 ( t ) .

The anai~’ .;i: p o c c e e d s  l - - tt i :-.g N - . s o d  r-e-~ -:inin:

~ t) a::d c (t) to :at l l:’y

3 ’ ( t )  = —h 1 s ( t ) e ( ~~) k~~(2. — e (t ))

—k1 s(t )e (t ) (k~~— k . ’(l — c(s ))

e (c) = 1, :(o) = S (o)/ (o).

1:’ c o ur s e  ( — . A. 1) cc: . b-2 a - :rt-cos--e d Th to- e -: ‘s -atico

= k 1 c ( t ) :~~t )  — (k,. + ~-s ; ) ( l  — e ( t ) ) ,  a:.ci t o t S  sy s t em of d i : ’ —

~— -e Th~~. ~eq c~ s ‘c~ a ‘o — 
- - 

~o o - 5

M e n t ’~n eq sticns . The ~~~~ c- - s-cli s—Meot ec tn- -c r ’y -cc:: t - ~ b~ too sgnt

sf a: a f i r s t  or d e r arc- rc xl ’c-ct i~~r . o:’ t o- s  - -Co:yt.— r-:-ao~ 

secon d art-e r araroximation a:’is s fro m a:. ana ysi: c:’ she sto-

coastic term .

f s(t) an: ‘e(t) ~atis1’y (-.-.A. -.’~, t n-en as N —,

c ( X ~ ( t ) ,  ~~ ( t ) ) ,  t b )  -cn ’ier ge:  w - - a k l y  tc [ ( X ( t ) ,  Y ( t ) ) ,  t > C  )

woico is a dif f csion giver , by

wr.e re 

~~ t)( )) ~ P(t) 
(f ~~ L))

X- o) 
= 

0 
and

i (o) 0

I
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k e(t) k s(t) + k
t — 

k1
e( t ) k

1s( t) + + k3

~(k
1s(t)e (t))

½ (k 2 (l~ e( t ) ) ) ½
B( t ) = 

-(k1s( t ) e ( t ) )~ (k 2 (l~ e( t ) ) ) ½ (k
3 (l-e(t)))~ 

.

The equa t ion g iven by (4 .A .5) is a nonstationary biv ariate linear

equa tion. It is easy to show that the eigenvalues of A (t) have

strictl y nega tive real par ts , hence the process is Ornsteiri-tJhlenbeck .

The marg inal dis tribution of (X(t) ,Y(t)) will be Gaussian with mean

(0 ,0) and covariance ma trix 
~~ 

given to be the unique nonneg at ive

defini te solu t ion of the ma trix Ricc at~. equa tion

— -A( t)~~ - ~tA
T ( t ) + B

tB~~
, L~ 

= 0 4 .A.6

The above equa tion can be rewritten as follows . Let 01 (t) 
=

Var(X( t)), o2(t) 
= Var(Y(t)), arid o12(t) = Cov(X(t) , Y(t)). Then

calling V( t ) = (a
1(t),o12(t), y

2(
~ ) ) T, we find

V(t) = _ D
~

V( t ) + , 11(0) = 0 4 .A.7

where

2k e( t ) 2(k s( t ) + k ) 0
— t k1e(t) k1(e(t) + s( t ))  + k2 + k3 k1s(t) + k2

0 2k1e(t) 2(k1s (t) + + k3)

and
k1s(t)e(t) + k2(l—e (t))
k1s(t)e(t) + k2(l-e(t))
k1s(t)e(t) + (k2 + k3)(l-e(t))
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Equation (4.A .7)  may be solved formall y to g ive

V( t ) = exp(- 
f~~~ 

D~ du) 
f~~~ 

exp(F
~ J~ 

D5d s)du 4 .A.8

which can be computed using standard numerical integration techn iques.

The diffusion approximation methodolo gy thus provide s a complete

descripti on of the enzyme reaction in terms of a bivariate Ornstein-

Uhienbeck pr ocess . It appears that no closed form expressions are

available , so s(t) , e(t) , and V(t) must be evaluated us ing numerical

integration . It is possible to obtain approximations by adopt ing  the

Briggs and Haldane stead y state assumption , c ’ ( t) 0 . This

~ nplifica tion allows for the derivat ion of certain closed form

expressions.

It should be noted that the stochastic description of this

enzyme reaction is valuable no t only for the insigh t it pr ovides

in to the process , bu t also it is necessary for the development of a

proper statistical analysis of reaction data , say to estimate the

Mich ae]~s-Men ten constan t (k2+k3)/k1. The analysis pr esented can be

easily generalized to far more comp lica ted r eact ions including

reac tions with several intermediate enzyme-substrate complexes ,

several substrates , and reversible reactions .

k k k
B. Enzyme -Inhibitor Reaction t27 ] E+S~ [ES]-i, E+P E+I~~~~~[E I ]

We conclude with a simple enzyme -inhibitor reaction . The

analysis of this system parallels that given in section 4A , except

tha t a higher dimensional process mus t be used. Again the diffusion

—--— - — 
~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~ - -~~~-~~~~~~~~~~~ -‘ -‘ - - 
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approximation anal ys is  leads to a characterization in terms of a

multivari at e O rns t ein-Uh len beck process .

Define S ( t ) , E ( t ) ,  and 1( t )  to be tb  concentrations of

substrate , enzym e , and inhibitor at t ime t. If  C 1 (t )  and C 2 (c)

represent the concentrations of [ E S ]  and [ E l ] ,  then both can be

calculated from the initial conditions b y C 2 (t )  = 1(o) - 1(t) and

C 1 (t )  = E(o)  — E( t ) — C 2 ( t ) . {( S ( t ) , E ( t ) , I ( t ) ) ,  t > 0 }  can be

treated as a Markov Chain with transitions and rates g iven by

Transition Ra te

k S Edt
(S ,E ,I)—i (S-l ,E-1 ,I) 1 

- + o(dt )
E (0)

(S+l ,E+l ,I) k2(E(0)-E-C 2)dt + -c (dt) 4.B .l
(S ,E+l ,I) k 3(E(0)— E— C 2)dt + c- (d t )

k E l
~~, E-l , I - l)  dt + c ( d t )

E ( Q )

(S ,E+l ,I+l) k5 (l (0)—I)dt + o(dt)

wi th C2 1 (0) - I .

We omi t writing the approximate s.d.e . ’s for

(S(t),E(t) ,I(t)). Let XN (t) 
= ~~(t) 

- Ns(t))/N~ , y~~( t ) = (E( t )

Ne ( t )) /N~ , and ZN ( t ) = (1( t) - Ni ( t )) /N ½ where N = :(0). An

asymptotic analysis indicates tha t the de terminis t ic fun ct ions

s(t) , e(t) , and i(t) must satisf y

s’ (t) -k1 s(t)e(t) + k2(1—e (t) 
— i + i(t))

e’ (t) = —k 1 s(t) e(t) + (k2 + k3)(i-e(t) 
- i0 + i(t)) 43 .2

i’ (t) = -kbe(t)i(t) + k5 (i0 
- i( t))  

_ _ _ _ _ _ _   - 4
— — .—V—~- V - ,V-.-- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where e (I) = 1 , I(0)/E( ) = i0, and S
0 

= S(0) /E( ) .

The stochastic noise process

will converge weakly to fU(t), t> 01 where U(t) (X(t),Y(t),Z(t))T

and will satisf y

d U ( t ) = 
~~~~

(t)dt + 
~t

d W(t) , U(o) = 0 4.B .3

wi th W( t ) = (W
1(t),W2(t),W3(t),W4(t),W5

( t) ) T,

k1e(t) k1s(t) + k2 k2
= k1

e( t ) k
1s( t ) + k2 + k3 + k4i( t) -(k2 +k 3 -k 5)

0 k4i( t ) k4e( t ) + k5

g1
( t ) g2 ( t ) 0 0 0

= g2
( t ) g3 (t) — g4

( t) g
5(t)

0 0 0 -g 4( t) g
5 (t)

wi th g1 ( t ) = (k1s( t)e( t ) ) ½ , g2(t) 
= (k2(l-e(t) 

- i0 +

g3
(t) = (k3 (l-e(t) 

- i0 + i( t) ) ) ½ , g4(t) 
= (k4e( t ) i ( t ) ) ½ , and

g5 (t) 
= (k5e(t)i(t))

¾ .

‘ The eigenvalues of A t have strictl y negative real parts ,

hence the U(t) process is Ornstein-Uhlenbeck with mean 0. It

follows that U(t) will have a Gaussian distribution . The covariance

matrix at time t , 
~~~~~~

, is given as the unique nonnegative definite

solution of (4.A.6). The diffusion approximation then give s (S(t),

E(t) , 1(t)) to be aproximately E(o) (s(t),e(t) ,i(t)) +

~ (o)) ’~ (X(t),Y(t),Z( t) )  where (s(t),e(t),i(t)) is given by (4.B .2),

and the stochastic part is specified by (4.B.3). It appears impossible

that s(t) ,e(t) ,i(t) , and can be found in closed form; however ,

one can easil y use standard numerical procedures to compute them . It

I
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is possible tha t fur ther approxima t ions s imilar to the Bri ggs-

Haldan e s teady state assump t ion can be invoked to ob tain some

closed form information . The joint distribution of the process

over time will be given by a trivariate Gaussian distribution .

5. A c k n - c .c t e d - e m e o ~
Th e a h : -  wi  m e :  t o t n a n e  F r c ~~essor  Tho-ald F .  Th ;er of’ the

2 .  ‘:c-~-ct F- :ss~-r ’- s-i : -et e INc h -so- i fo r  in t r - :d : c in n  him to the :-roblem

:f ’ the- :soch-~s i :  charc-c terl :cticn of’ enzyme / i net l :  zcd-e - .s an -i

:1: h-e Nc- t :. :- - :~~~ h ’ u ’ t h e  c: .r’se of ’ s n - ~ r -:-:e a r - :h .
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—. A new approach to the formulation and analys i s of stochastic models of chemical

reactions is presented . Unimo l ecu l ar , bimolecular , and enzyme kinetic reactions
are considered in the irreversible and reversible cases . The methodo l ogy Is
based on diffus i on approximations and represents the time evolution of the
reaction as the sum of a deterministic f u n c t i o n  and an Orn s tein -Uhlenbeck proces
As a result the mar g inal distr i but i ons are  approximately G a u s s i a n  wi t h
relativel y simple mean and covariance pa rameters , and the d ynamic beha ve is
complete l y characterized . The stochastic approach which uses stochastic ~~~~~~~~~~~~
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1 i f f e r e n t i a t  equ.~t ions  is  a natural generalization of the det e r m i n i s t i c
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